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1. Introduction  
In this paper we deal with the properties of 3-parametric robot manipulators (in short 
robots) with parallel rotational axes. We describe motions of the robot effector by using the 
theory of Lie groups and Lie algebras which is applied to the Lie group (3)E  of all 
orientation preserving congruences of the Euclidean space 3E . By the concept of an n -
parametric robot we will understand the map (3): ERn
nA
→ϒ , see (Karger, 1988), where the 
robot 
nA
ϒ  is viewed as an immersed submanifold 
nA
ϒ  of the Lie group (3)E . We classify 3-
parametric robots into four classes. The classification criterion is the spherical rank of the 
robot, which is the number of independent directions of revolute joints axes. Robots of the 
spherical rank 1 are robots whose axes of revolute joints are mutually parallel and different. 
The main aim of the paper is to introduce  asymptotic robot motions. The notion of asymptotic 
motions is connected with the theory of connections. On a pseudo-Riemannian manifold 
( (3)E  has pseudo-Riemannian structure), there is a canonical connection called the Levi-
Civita connection. As a connection on the tangent bundle, it provides a well defined method 
for differentiating all kinds of tensors. The Levi-Civita connection is a torsion-free 
connection on the tangent bundle and it can be used to describe many intrinsic geometric 
objects. For instance, a geodesic path, a parallel transport for vector fields, a curvature and 
so on. 
On the Lie group (3)E  there is the Levi-Civita connection ∇  induced by the Klein form KL . 
If the restriction 
nA
KL ϒ|  is regular then there is the Levi-Civita connection ∇~  on nAϒ  such 
that V+∇∇ γγ γγ   ~= , where V  lies in KL-orthogonal complement to the tangent bundle 
nA
Tϒ . If 0=V  then motions on 
nA
ϒ  is  asymptotic, see (Karger 1993). We will introduce 
asymptotic robot motions without explicit use of the Levi-Civita connection. A robot motion 
is asymptotic, if the Coriolis acceleration is tangential to 
nAe
T ϒ . Obviously, robot motions 
with zero Coriolis accelerations are asymptotic. The simple examples of the asymptotic 
motions are motions when only one joint work. The properties of the acceleration operator 
are important for the dynamic of the robot especially in singular positions where they can 
affect the behaviour of the robot expressively.  We will introduce the notion of the Coriolis 
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and Klein subspaces and show that they are closely associated with asymptotic motions. In 
this paper we describe all asymptotic motions by systems of differential equations for all 3-
parametric robot manipulators with parallel rotational axes. Future research: to describe all 
asymptotic motions for all 3- ,4- ,5-parametric robot manipulators with revolute and 
prismatic joints only, practical purposes of the asymptotic motions. 
2. Basic notions of robot manipulators  
Common commercial industrial robots are serial robot-manipulators consisting of a 
sequence of links connected by joints, see Fig. 1. Each joint has one degree of freedom, either 
prismatic or revolute. For a robot with n  joints, numbered from 1 to n , there are 1+n  
links, numbered from 0 to n . The link 0 or n  will be called respectively the base or the 
effector of the robot. The base will be fixed (non movable). Joint i  connects links i  and 
1+i . We view a link as a rigid body defining the relationship between two neighbouring 
joints. In the concept of the Denavit-Hartenberg conventions (Denavit & Hartenberg, 1955) 
the base coordinate system 0S  is firmly connected with the base. The base axis 0z  is the axis 
1o  of 1st joint. The effector begins in n th joint and is firmly connected to the coordinate 
system nS . 
 
 
Figure 1. n -parametric robot, 4=n  
A congruence in the Euclidean space 3E  is determined by the base coordinate system 0S  
and by the effector coordinate system nS  in each position of the robot (i.e., at time t ). 
Therefore a motion of the effector determines a curve on the Lie group (3)E . We assume a 
fixed choice of the base orthonormal coordinate system },,;{= 0000 kjiOS  with respect to 
which we will relate all elements. 
Let us recall basic facts about the Lie group (3)E  and its Lie algebra (3)e . Elements of the 
Lie group (3)E  will be considered in the matrix form 44× , which will be written in the 
form ⎟⎟⎠
⎞
⎜⎜⎝
⎛
10
PA
, where A  is an orthogonal matrix of the form 33× , 1=det A  and P  is a 
column matrix of the form 13×  (a translation vector). 
Let 3V  be the vector space associated with the Euclidean space 3E  and let )(=)( tHtγ  be a 
curve on (3)E  which is going through the unit element I  of the group (3)E ; i.e., ItH =)( 0 , 
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where I  is the unit matrix. Then the motion of the effector point L  determined by the curve 
)(tγ  can be expressed by 
,
1
10
)()(
=
1
)(
)(
)(
⎟⎟
⎟⎟
⎟
⎠
⎞
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⎜⎜
⎜
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where Tzyx ,1),,(  are the homogeneous coordinates of the point L  at 0t  and 
Ttztytx ),1)(),(),((  are the homogeneous coordinates of the point L  at any t . The coordinates 
of the point L  are related to the base coordinate system 0S . )(tA  is an orthogonal matrix; 
i.e., ItAtA T =)()( , where )(tAT  is the transposed matrix to the matrix )(tA . The inverse 
matrix to the matrix )(tH  is ⎟⎟⎠
⎞
⎜⎜⎝
⎛ −−
10
)()()(
=)(1
tPtAtA
tH
TT
. We suppose ItA =)( 0 . The 
derivative of the equation ItAtA T =)()(  at 0= tt  is )(=)( 00 tAtA
T − ; i.e., )( 0tA  is a skew-
symmetric matrix. All skew-symmetric matrices have the form 
⎟⎟
⎟
⎠
⎞
⎜⎜
⎜
⎝
⎛
−
−
−
0
0
0
=)(
12
13
23
0
ωω
ωω
ωω
tA  
and we can associate them with vectors 3321 ),,(:= V∈ωωωω . If we denote 
),,(=:=)( 3210 βββbtPT , then the tangent vector 
 
⎟⎟
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−
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⎛
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0
0
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00
)()(
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00
00 βωω
βωω
βωω
γ tPtAtHt    (1) 
of the curve )(tγ  at 0= tt  can be associated with the element 33),( VVXb ×∈≡ω  and we call 
it the twist. Hence the Lie algebra (3)e  can be represented in the matrix form (1) or by twists 
in 33 VV × , where addition and the Lie bracket are defined as follows: 
),(=),(),( 22112211222111 bkbkkkbkbk +++ ωωωω , 
),,(=)],(),,[( 1221212211 bbbb ×−×× ωωωωωω  
where 33),( VVbii ×∈ω , Rki ∈ , 1,2=i  and ×  denotes the vector product in 3V . The line p  
determined by the point C , bOC ×ωω )(1/= 2  and by the direction ω  will be called the 
axis of the twist ),(= bX ω , 0≠ω . If 0=ω , then the axis of the element ),0(= bX  is the line 
at infinity of the plane in the projective space 3P  ( 3P  is 3E  together with the points at 
infinity) which is perpendicular to the vector b . 
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In the algebra 33 VV ×  we have the Klein form given by 
( ) 1221def21 :, bbXXKL ⋅+⋅= ωω  
where ),(=),,(= 222111 bXbX ωω  are twists from 33 VV ×  and the dot ⋅  denotes the scalar 
product in 3V . If 0=),( 21 XXKL , then the twists 1X , 2X  will be called KL -orthogonal. The 
Klein form is a symmetric regular bilinear form. 
A subspace 33 VVA ×⊂  is called KL -orthogonal to a subspace 33 VVB ×⊂ , if 0=),( YXKL  
for every AX∈  and every BY∈ . There is a unique subspace 33 VVAK ×⊂  which is KL -
orthogonal to the subspace 33 VVA ×⊂ ; i.e., if any arbitrary vector subspace B  is KL -
orthogonal to A , then KAB⊂ . 
Definition 1. Let 33 VVA ×⊂ . The subspace KAAK ∩=
def
:  will be called  the Klein subspace of 
the space A . If AK = , then A  is isotropic.  
Let us recall that the matrix form of the exponential map from the Lie algebra (3)e  to the Lie 
group (3)E , (3)(3):exp Ee → , is given by n
n
S
n
S
!
1
=)(exp
=0∑∞ , where (3)eS∈  is the matrix of 
the form (1) and nS  is n th power of the matrix S . The matrix )(exp S  is a regular matrix, 
)(exp=))(exp( 1 SS −− , for further properties see (Helgason, 1962). For the motion determined 
by the curve )),((exp=)( btt ωγ , where (3)),( eb ∈ω  and exp  is exponential map, we have:  
(1)  If 0=ω  then the curve )),0((exp=)( bttγ  determines a translation with velocity b .  
(2) If 0≠ω  then the curve )),((exp=)( btt ωγ  determines a uniform screw motion in 3E  
with the axis p  of the twist ),( bω , the angular velocity ω  and with the translation ωh , 
where 2)/(= ωω bh ⋅ , see Fig. 2. 
 
 
Figure 2. Screw motion determined by )),((exp bt ω  
If 0=h  (i.e., 0=b⋅ω ) then it is a rotational motion. 
From the mathematical point of view, we can define a robot by the exponential map which 
is applied to the elements of the Lie algebra (3)e , see (Karger, 1988), as follows: 
Definition 2. Let nieXi ,1,2,=(3), …∈ . Then a robot with n  degrees of freedom is a map 
(3):
1
ER,,
n
nXX
→ϒ …  given by 
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.expexpexp=),,,(,, 2211211 nnnnXX XuXuXuuuu ………ϒ  
Let us deal with the velocity and the acceleration of an effector point L . Let 
nXX ,,1 …ϒ  be any 
n -parametric robot given by twists nXXX ,,, 21 … , respectively. Let the motion of the 
effector be given by a curve )()(exp)(exp)(exp=)( 2211 tHXtuXtuXtut nn ≡…γ  and let )( 0tL  
be the homogeneous coordinates of the effector point L  at 0t . Then the homogeneous 
coordinates )(tL  of the point L  at any t  are given by )()(=)( 0tLtHtL . So its velocity is 
given by )()()(=)( 1 tLtHtHtL − . The element )(tH  determines the tangent vector at )(tH  and 
)()( 1 tHtH −  is a right translation by )(1 tH − . Then )()(:)( 1def tHtHtY −=   belongs to the Lie 
algebra (3)e . The velocity of the motion )()(=)( 0tLtHtL  determined by )(tH  at 0t  and the 
velocity of the motion )())((exp=)( 00 tLtsYsL  determined by ))((exp 0tsY  at 0=s  are the 
same. The twist )(tY  is called the velocity operator or  shortly the velocity twist. 
Remark 1. For simplicity we will use u  instead )(tu .    
As nnXuXuH expexp= 11 …  we get 
 nnYuYuYuHHY " +++− 22111 ==   (2) 
see (Karger, 1989), where 11 = XY , 
1
11=
−
−− iiii gXgY , 11111 expexp= −−− iii XuXug …  and 11−−ig  is the 
inverse element of 1−ig , ni ,2,= … . Elements iY  belong to the Lie algebra (3)e . The space 
),,,(:)( 21
def
nn YYYspanuA …=  will be called  the space of velocity twists, where ),,,(=)( 21 nuuuu … . 
If nuAn =)(dim  then we call the point )(u   regular or we say that the robot is in a  regular 
position. If nuAn <)(dim  then we call the point )(u  singular or we say that the robot is in a 
singular position. If every point of the curve 
nXX
tHt ,,)(=)( 1 …ϒ⊂γ  is singular then this 
motion of the robot determined by the curve )(=)( tHtγ  will by called singular. A robot 
nXX ,,1 …ϒ  is of rank m if m  is the maximal dimension of the velocity twists spaces; i.e., 
( ) )}(dim{max= uAm nu . 
Remark 2. In what follows we confine ourselves to mn = . Without loss of generality we will 
assume that ),,,(:= 21 nn XXXspanA …  and mnAn ==dim  is the rank of the robot. Then 
there is a neighborhood nR⊂Ω0  of the point nRO ∈,0)(0,0,= …  that nAnXX ϒϒ Ω =:,, 01 …  is an 
immersed submanifold of the Lie group (3)E  and ),,,( 21 nuuu …  is a local coordinate system 
of 
nA
ϒ .  
Let us consider the acceleration of any effector point L . The velocity of the point L  at a time 
t  is determined by )()(=)()()(=)( 1 tLtYtLtHtHtL − . Let us differentiate the last equation. We 
get the relation for the acceleration of the effector point L  at the time t : 
=)()()()(=)( tLtYtLtYtL  +  ).())()()(( tLtYtYtY +  The derivative of the equation (2) is 
ii
n
iii
n
i
YuYutY  ∑∑ + =1=1=)( , where k
k
i
i
ki
u
u
Y
Y  ∂
∂∑ −1=1= . All elements iY  are in the matrix form, 
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therefore we can use the Lie bracket in the matrix form: BAABBA −=],[ . Then we get 
0=1Y
 , 112211 ],[],[],[= −−+++ iiiiii uYYuYYuYYY " , ni …2,= . The acceleration of the point L  
at any t  is of the form 
.1,=,),(],[=)(
=1<
niktLYYYuYYuutL ii
n
i
ikik
ik
… ⎟⎟⎠
⎞
⎜⎜⎝
⎛ ++∑∑  
The expression ii
n
i
Yu∑ =1  represents the acceleration caused by joint accelerations iu , the 
expression YY  represents centrifugal or centripetal components of acceleration and the 
expression ],[:
<
def
ikikikc
YYuuY  ∑=  stands for the so-called Coriolis acceleration. 
Definition 3. The subspace ( )],[,],,[],,[: 13121def nn YYYYYYspanCA −= …  of the space (3)e  will be 
called  the Coriolis subspace. 
Definition 4. 
(1) If )(uACA n⊂  then the point )(u  of the robot nXX …,1ϒ  will be called  flat. 
(2) If every point of the robot is flat then the robot will be called  flat. 
(3) If ))(())(( 00 tuAtuY nc ∈  for a point )( 0tu  then the motion of the robot determined by the 
curve )(=)( tHtγ  will by called  asymptotic at the point )( 0tu . 
(4) If )()( uAtY nc ∈  for every t  then this motion of the robot determined by the curve 
)(=)( tHtγ  will by called  asymptotic.  
Examples. 
I. Robot motions with the zero Coriolis acceleration are asymptotic. Then: 
a) If only prismatic joints work then the robot motion is asymptotic. 
b) If only one joint works then the robot motion is asymptotic.  
II. If )(uAn  is a subalgebra; i.e., iff )(uACA n⊂  then )(u  is flat and thus every motion is 
asymptotic at )(u . 
If )(uAn  is a subalgebra or only translational joints work or just one joint works then these 
motions will be called trivial asymptotic motions. In the next part we will deal only with 
nontrivial asymptotic motions. 
The base coordinate system 0S  is connected with the 1 st joint. Its axis 0z  is the axis 1o  of 
the first joint of the robot. The axis of the twist ),(= iii bY ω  is the axis io  of the i th joint. If 
the i th joint is revolute or helical then its axis is the axis of iY . If it is prismatic then the 
direction of its axis is ib , ),0(= ii bY . 
Remark 3. If ),0(= bX  is translational then b  is orthogonal to the plane ),( oO  where O  is 
the origin of the coordinate system 0S  and o  is the axis of X .   
We will deal with robots which have no helical joints. The capital letter R will indicate a 
revolute joint, T a translational (prismatic) joint. Then, for example, RRT denotes a 3-
parametric robot the first and second joints of which are revolute and the third is prismatic. 
Definition 5. A robot 
nA
ϒ  is the robot of  spherical rank r if r  is the maximal number of 
linearly independent directions of revolute joint axes.  
www.intechopen.com
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It is obvious that 3-parametric robots have spherical rank 0, 1, 2 or 3. In the next part we will 
deal with 3-parametric robots of spherical rank 1. 
Remark 4. It is interesting deal with the problem whether 3-parametric robots 
3A
ϒ  of 
spherical rank 1 lie within any subgroups of the Lie group (3)E  the dimension of which is 
less than 6. Common knowledge is that there is only one connected 4-dimensional Lie 
subgroup 4H  of (3)E  (up to conjugacy), see (Karger 1990), (Selig, 1996). The subgroup 4H  is 
the group generated by a one parametric rotation around straight line ( (2)SO ) and all 
translations ( 3R ), (i.e., 34 (2)= RSOH × ). Hence 3-parametric robot manipulators of spherical 
rank 1 belong to 4-dimensional Lie subgroups. This fact does not affect our own work except 
that we know that all Coriolis space elements of the 3-parametric robots of spherical rank 1 
belong to the Lie algebra 4h  of the Lie group 4H . 
3. Three parametric robots of spherical rank 1 
Now 3=dim 3A  and the revolute joint axes are parallel at any position u . Therefore iY  is of 
the form ),(= iii mkY ω  where at least one of the ik  is not zero. We assume 1=ω  and 
{0,1}∈ik . We can always choose twists ),(= 11 bB ω , ),0(= 22 bB , ),0(= 33 bB , 0=1b⋅ω  in the 
space ( )3213 ,,=)( YYYspanuA  such that ( )3213 ,,=)( BBBspanuA .    
Remark 5. The robot 
3A
ϒ  is in a singular position iff 3<)(dim 3 uA  and this occurs 
0=32 bb × .   
Let us determine conditions for an arbitrary twist 332211= BtBtBtB ++  of the space )(3 uA , 
Rttt ∈321 ,,  to be a rotational or translational twist. A twist B  is rotational or translational iff 
0=),( BBKL  and this is equivalent to 0.=))()(( 33221 btbtt ⋅+⋅ ωω   
A twist B  is translational iff 0=1t ; i.e., iff τ
def
32 :),( =∈ BBspanB . Therefore 2dim ≤τ . In 
singular positions, 1=dimτ . 
A twist B  is rotational if and only if 0.0,=)()( 13322 ≠⋅+⋅ tbtbt ωω  If 0=2b⋅ω , 0=3b⋅ω  
then there are no screw elements in )(3 uA ; i.e., τ−)(3 uA  is the space of all rotational twists. 
If at least one number of 2b⋅ω , 3b⋅ω  is not equal to 0  then there is a two-dimensional 
space of rotational twists. For example, if 02 ≠⋅ bω  then 
)))/((,(= 32233111 tbbbbbttB ⋅⋅−+ ωωω . The axes of rotational twists generate a bundle of 
parallel lines with the direction ω . 
The matrix of the Klein form has the form 
⎟⎟
⎟⎟
⎠
⎞
⎜⎜
⎜⎜
⎝
⎛
⋅
⋅
⋅⋅
00
00
0
=
3
2
32
)(3
b
b
bb
KL
uA
ω
ω
ωω
 
in the basis 321 ,, BBB . The rank of the Klein form is 0  or 2 ; i.e., )(3 uA
KL  is singular.  
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The rank is 0  if and only if 0=2b⋅ω , 0=3b⋅ω ; i.e., if the vector ω  is perpendicular to 
),(: 32
def
2 bbspan=τ ; i.e., if there are no screw elements in )(3 uA . In this case the Klein space is 
)(= 3 uAK , i.e., )(3 uA  is isotropic and the robot is planar.  
The rank is 2 iff the direction of the revolute joints axes is not perpendicular to 2τ ; i.e., at 
least one number 2b⋅ω , 3b⋅ω  is not equal to 0 . Let us determine the Klein subspace K . 
The twist RtttBtBtBtB ∈++ 321332211 ,,,=  is KL -orthogonal to )(3 uA  if and only if 
( ) 0=)(, 3 uABKL  and this is equivalent to 0=1t , )(= 32 bkt ⋅ω , )(= 23 bkt ⋅− ω , Rk∈ . 
Therefore the Klein subspace is determined by the element ))()(,0(=ˆ 3223 bbbbY ⋅−⋅ ωω  (i.e., 
τ⊂)ˆ(= YspanK ), its direction is perpendicular to ω  and it belongs to 2τ .    
Let us summarize previous considerations.   
Proposition 1. Let 
3A
ϒ  be a robot of spherical rank 1. Then 
a) if the direction ω  of revolute joints is perpendicular to the space 2τ  of translational 
elements directions then the rank of 
)(3 uA
KL  is 0, the Klein space K  is )(= 3 uAK ; i.e., )(3 uA  
is isotropic and the robot is planar; 
b) if ω  is not perpendicular to the space 2τ  then the rank of )(3 uAKL  is 2 and the Klein space 
K  is ( )))()(,0(= 3223 bbbbspanK ⋅−⋅ ωω , τ⊂K  and its direction is perpendicular to ω .  
The Coriolis subspace is ( )],[],,[],,[= 323121 BBBBBBspanCA , where ),0(=],[ 221 bBB ×ω , 
),0(=],[ 331 bBB ×ω , )0,0(=],[ 32 BB . It means that elements of CA  are translational and their 
directions are perpendicular to ω  and 2dim ≤CA . The following cases are possible: 
(1) 1dim ≤CA  if and only if ( ) 0=)(=)()( 3232 ωωωω bbbb ⋅××××  and this is equivalent to 
0=)( 32 bb ×⋅ω . We have the following cases: 
a) 0=32 bb × ; i.e., the robot is in a singular position, 1=dimτ .  Let 23 = bkb , Rk∈ . 
Then 0)(3 ≠∩CAuA  if and only if 22 = bcb×ω  and 02 ≠× bω , Rc∈ . It is impossible. 
Therefore 0=)(3 CAuA ∩ . 
b) 032 ≠× bb  and ),( 32 bbspan∈ω ; i.e., the robot is in a regular position and the vectors 
32 ,, bbω  are linearly dependent. We can write 3322= bcbc +ω , Rcc ∈32 , . Then 
)),0((= 32 bbspanCA × . The vector 32 bb ×  does not belong to 2τ , therefore 
0=)(3 uACA∩  and 1=dimCA .  
(2) 2=dimCA  if and only if the position of the robot is regular (i.e., 032 ≠× bb ) and the 
direction ω  of the revolute joints axes is not complanar with the space 2τ . It means that the 
vectors 2b×ω , 3b×ω  are linearly independent. The twists ],[ 21 BB , ],[ 31 BB  determine the 
basis of the Coriolis space CA . This basis will be called  the canonical basis of the space CA . 
In this case the space CA  is the space of all translational elements, whose directions are 
perpendicular to the direction of the revolute joints ω . We have following cases: 
www.intechopen.com
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a) τ=CA . In this case, the vector ω  is perpendicular to the space 2τ ; i.e., 0=2b⋅ω , 
0=3b⋅ω  and the rank of the Klein form is 0. If τ=CA  then )(3 uACA ⊂ ; i.e., )(3 uA  is a 
Lie subalgebra. A reverse assertion is also valid. If )(3 uA  is a subalgebra then 
)(3 uACA ⊂ , 2=dimCA  and the elements of CA  are translational, therefore τ=CA .  
b) τ≠CA . In this case at least one of the numbers 2b⋅ω , 3b⋅ω  is not equal to 0  and 
the rank of the Klein form is 2. Now 
)(=))()((= 33223 uACABbBbspanK ∩⋅−⋅ ωω . 
Let us summarize the above reflections.    
Proposition 2. If a robot of spherical rank 1 is in a singular position or the direction of the 
revolute joint axes is complanar with the space 2τ  in a regular position then 1=dimCA  
and 0=)(3 uACA∩ . There are asymptotic motions with zero Coriolis acceleration only in 
these positions. 
If a robot of spherical rank 1 is in a regular position and 2τω ∉  then 2=dimCA  and there 
are two cases.  
 a) If )(= 32 uACA ⊂τ ; i.e., if ω  is perpendicular to 2τ ; i.e., if )(3 uA  is a subalgebra of (3)e  
then all motions are asymptotic in this position. The point )(u is flat.  
 b) If 2τ≠CA  then KYspanuACA =)ˆ(=)(3∩  and there are asymptotic motions with nonzero 
Coriolis acceleration in this regular position.  
Revolute joints axes of spherical rank 1 robots are in all positions parallel, therefore 
perpendicularity of revolute joints axes and prismatic joints is preserved. Therefore if )(3 uA  
is a subalgebra in one regular position then it is a subalgebra in all regular positions. Then 
)(3 uA  is a subalgebra in a regular position iff ),,(= 3213 XXXspanA  is a subalgebra. 
3.1 Robots with 2 prismatic and 1 revolute joints 
There are the following possibilities with respect to the configuration. 
 a
1
) For RTT we have )0,(=1 ωY , ),0(= 22 mY , ),0(= 33 mY . Now ii YB = , ],[=],[ jiji BBYY , 
1,2,3=, ji  and ),(= 322 mmspanτ .    
a
2
) For TRT we have ),0(= 11 mY , ),(= 22 mY ω , ),0(= 33 mY  and 21 = YB , 12 = YB , 33 = BY . 
Therefore ],[=],[ 2121 BBYY − , ],[=],[ 3231 BBYY , ],[=],[ 3132 BBYY  and ),(= 312 mmspanτ .    
a
3
) For TTR we have ),0(= 11 mY , ),0(= 22 mY , ),(= 33 mY ω  and 31 = YB , 22 = YB , 13 = YB . 
Now ],[=],[ 3221 BBYY − , ],[=],[ 3131 BBYY − , ],[=],[ 3132 BBYY −  and ),(= 212 mmspanτ . 
A singular position exists only in the case TRT provided there is 202
~=)( utu  such that 
)()( 0301 toto , i.e., 0=)()( 0302 tbtb × . This is possible iff ),(=),( 3221 oooo ∠∠ . )(3 uA  is a 
subalgebra iff 2=τCA  in a regular position is valid and this is possible iff 0=2b⋅ω , 
0=3b⋅ω  in a regular position, so we have the following statements. 
 Proposition 3. All positions of robots RTT, TTR are regular. 
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There are singular positions in the case of TRT iff ),(=),( 3221 oooo ∠∠ . 
)(3 uA  is an algebra iff the axis of the revolute joint is perpendicular to the axes of the 
prismatic joints in a regular position.    
Remark 6. Robots RTT, TTR are homogeneous spaces. In the case TRT, this robot is a 
homogeneous space if 3A  is a subalgebra (the planar robot).    
Let us investigate asymptotic motions of robots RTT, TRT, TTR. In the case when )(3 uA  is a 
subalgebra then all motions through the point )(u  are asymptotic. We have the following 
cases: 
(1) In a singular position; i.e., only for TRT, when Rcmcm ∈,= 13 , the subspace CA  is 
defined by ),0(=],[ 121 mYY ×−ω , )0,0(=],[ 31 YY , ),0(=],[ 132 mcYY ×ω  and the Coriolis 
acceleration is ),0)((=],[= 13221< muucuuYYuuY jijijic ×+−∑ ω , where 01 ≠×mω .  
A motion is asymptotic at a singular point )( 0tu  if and only if 0=))()()(( 030102 tuctutu  +− ; i.e., 
0=)( 02 tu  so that the revolute joint is not working at 0t  or the joint velocities of the 
prismatic joints satisfy the relationship ctutu =)(:)( 0301  . 
If every position of the robot motion is singular (i.e., =ˆ=)( 22 utu const, 0=2u ) then this 
motion is the trivial asymptotic motion (only prismatic joints work).    
Proposition 4. A motion of the robot TRT is nontrivial asymptotic in a singular position 
)( 0tu  iff all joints work and the joint velocities of the prismatic joints satisfy the relationship 
ctutu =)(:)( 0301  . The singular motion of the robot TRT is trivial asymptotic.  
(2) Let us investigate asymptotic motions of the robot in a regular position when the 
subspace CA  is one-dimensional. We know that 3322= bcbc +ω  and 0=)(3 uACA∩ . A 
motion is asymptotic when the Coriolis acceleration 0=],[= jijic YYuuY  ∑  and this occurs 
a
1
) if 0=),0(),0( 3223132321 mmcuummcuu ×+×−  ; i.e., 0=)( 23321 cucuu  +−  in the case of RTT,  
a
2
) if 0=),0(),0( 3123231321 mmcuummcuu ×+×  ; i.e., 0=)( 23312 cucuu  +  in the case of TRT,  
a
3
) if 0=),0(),0( 2123221331 mmcuummcuu ×+×−  ; i.e., 0=)( 22313 cucuu  −  in the case of TTR. 
In the cases of RTT, TTR, if the equation 3322= bcbc +ω  is valid in one position then it is 
valid for all positions.   
In the case TRT, the equation 3322= bcbc +ω , 032 ≠⋅ cc  is valid only if 3 rd axis turns around 
the axis 2o  to the position complanar with axes 21 ,oo  (i.e., the directions of the joint axes are 
linear dependent). If 0=32 cc ⋅ ; i.e., 23 oo  or 21 oo  then the equation 3322= bcbc +ω  is valid 
for all positions of the axes. 
Let us recall that we are interested only in nontrivial asymptotic motions. Then the Coriolis 
acceleration is zero in the case RTT if 0=2332 cucu  +− , in the case TRT if 0=2331 cucu  +  and 
in the case TTR if 0=2231 cucu  +− . We have the following cases: 
a) Let 032 ≠⋅ cc  at )(u . Then a motion through the point )(u  is nontrivial asymptotic iff 
all joints work and the joint velocities of the prismatic joints satisfy the relationship 
32 : cc  in the cases RTT, TTR and 32 : cc−  in the case TRT. 
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b) Let 0=32 cc ⋅  at )(u . Then a motion through the point )(u  is nontrivial asymptotic iff 
the revolute joint and only the prismatic joint whose axis is parallel to the axis of the 
revolute joint, work. 
Proposition 5. Let 
3A
ϒ  be a robot of spherical rank 1 with two prismatic joints and let the 
directions of the joint axes be linear dependent at )( 0tu ; i.e., 3322= bcbc +ω . Then: 
a) The zero Coriolis acceleration is a necessary condition for the motion to be asymptotic at 
)( 0tu . 
b) In the case that no two axes of joints are parallel at )(u : a motion through the point )(u  is 
nontrivial asymptotic iff all joints work and the joint velocities of the prismatic joints satisfy 
the relationship 32 : cc  in the cases RTT, TTR and 32 : cc−  in the case TRT. 
c) In the case that the axis of the revolute joint is parallel to one axis of a prismatic joint: a 
motion is nontrivial asymptotic iff the revolute joint and only the prismatic joint whose axis 
is parallel to the axis of the revolute joint, work. 
(3) Let us investigate asymptotic robot motions in a regular position, when 2=dimCA  and 
)(3 uA  is not a subalgebra. Then )))()(((==)( 32233 BbBbspanKuACA ⋅−⋅∩ ωω ; i.e., the 
equation: )()(=)()( 33223223 bkbkbbbb ×+×⋅−⋅ ωωωω , Rkk ∈32 , , is valid. 
In this case the motion is asymptotic at the point )(u  if and only if 
a
1
) for RTT ))()(,0(=),0(),0( 3322331221 mkmkmuumuu ×+××+× ωωλωω  , R∈λ ; i.e., 
λ221 = kuu  , λ331 = kuu  , 
a
2
) for TRT ))()(,0(=),0(),0( 3312332121 mkmkmuumuu ×+××+× ωωλωω  , R∈λ ; i.e., 
λ221 = kuu  , λ332 = kuu  , 
a
3
) for TTR ))()(,0(=),0(),0( 2312232131 mkmkmuumuu ×+××+× ωωλωω  , R∈λ ; i.e., 
λ231 = kuu  , λ332 = kuu  .  
 We summarize the previous results. 
Proposition 6. Let 
3A
ϒ  be a robot of spherical rank 1 with two prismatic joints and let the 
directions of the joint axes be independent at 0t ; i.e., 3322 bcbc +≠ω . Then: 
A motion is nontrivial asymptotic at 0t  iff joint velocities at 0t  satisfy λ221 = kuu  , λ331 = kuu   
for RTT, λ221 = kuu  , λ332 = kuu   for TRT and for TTR λ231 = kuu  , λ332 = kuu  , where R∈λ  
and 32 ,kk  are the coefficients of the linear combination of ))()(,0(=
ˆ
3223 bbbbY ⋅−⋅ ωω  in the 
canonical basis of the Coriolis space. If these relations are true for any admissible t  then the 
motion is asymptotic. 
In this case there are nontrivial asymptotic motions with the nonzero Coriolis acceleration. 
3.2 Robots with 1 prismatic and 2 revolute joints 
Let ξ  be the plane determined by the axes of the revolute joints. There are three possibilities 
with respect to the configuration. 
b
1
) RRT: then )0,(=1 ωY , ),(= 22 mY ω , ),0(= 33 mY , where 02 ≠m  and 0=2m⋅ω . Now 
)0,(== 11 ωYB , )=,0(== 22122 mbYYB − , )=,0(== 3333 mbYB . We know, see Remark 3 that 
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the vector 2m  is perpendicular to the plane ξ . We have ],[=],[ 2121 BBYY , ],[=],[ 3131 BBYY , 
],[=],[ 3132 BBYY  and ),(= 322 mmspanτ .   
b
2
) RTR: then )0,(=1 ωY , ),0(= 22 mY , ),(= 33 mY ω , where 03 ≠m  and 0=3m⋅ω . Now 
)0,(== 11 ωYB , ),0(== 222 mYB , )=,0(== 33133 mbYYB − . The vector 3m  is perpendicular 
to the plane ξ . We have ],[=],[ 2121 BBYY , ],[=],[ 3131 BBYY , ],[=],[ 2132 BBYY −  and 
),(= 322 mmspanτ .   
b
3
) TRR: then ),0(= 11 mY , ),(= 22 mY ω , ),(= 33 mY ω , 32 mm ≠ , 0=2m⋅ω , 0=3m⋅ω . Now 
21 = YB , 12 = YB , 233 = YYB − . It is easy to show that the vector 23 mm −  is perpendicular to 
the plane ξ . We have ],[=],[ 2121 BBYY − , ],[=],[ 2131 BBYY − , ],[=],[ 3132 BBYY  and 
),(= 2312 mmmspan −τ . 
So we have 
Proposition 7. Let ξ  be the plane determined by the axes of the revolute joints. The space 
2τ  of the directions of the translational velocity elements is generated by the direction of the 
prismatic joint and the normal vector of the plane ξ . If the axis of the prismatic joint is 
perpendicular to the plane ξ  then the robot is in the singular position. The robot has a 
singular position iff 3A  is a subalgebra. 
The subspace )(3 uA  is a subalgebra iff the axes of the revolute joints are perpendicular to 
the axis of the prismatic joint in a regular position.   
In the next part we will investigate asymptotic robot motions of RRT, RTR, TRR. If )(3 uA  is 
a subalgebra then all motions through the point )(u  are asymptotic. Let ξn  be the normal 
vector of the plane ξ . By our previous considerations we have the following cases: 
(1) Let )( 0tu  be a singular position ( 3A  is a subalgebra). Then )(=2 ξτ nspan  and ))(( 03 tuA  is 
not a subalgebra. We have at 0t : for RRT Rcmcm ∈≠,0= 23 , 
),0))(((= 2323121 muuuucuuYc ×++ ω , 0=2m⋅ω , for RTR Rcmcm ∈≠,0= 23 , 
),0)((= 2323121 muuuucuuYc ×−+ ω , 0=2m⋅ω  and for TRR Rcmcmm ∈≠− ,0= 123 , 
),0)((= 1323121 muucuuuuYc ×−+ ω , 0=1m⋅ω . We know that a motion is asymptotic at a 
singular position )( 0tu  only if the Coriolis acceleration is zero. A singular motion 
( 0=)(,=)(=)( 2022 tuconsttutu  ) can be only trivial asymptotic when only one joint works. 
Thus we get 
Proposition 8. Let 
3A
ϒ  be a robot of spherical rank 1 with two revolute joints. Then a 
motion is nontrivial asymptotic at the singular position )( 0tu  iff at 0t  all joints work and for 
RRT, RTR, TRR we have 0=))(( 323121 uuuucuu  ++ , 0=)( 323121 uuuucuu  −+ , 
0=)( 323121 uucuuuu  −+  at 0t  respectively. The singular motion is trivial asymptotic.  
(2) Let us assume that )( 0tu  is a regular position, 2τω ∈  and )(3 uA  is not a subalgebra. 
Then ξω ncmc 21= + , 0,, 121 ≠∈ cRcc , where m  is the direction of the axis of the prismatic 
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joint and ξn  is the normal vector of the plane ξ . The axis of the prismatic joint is parallel to 
the axes of the revolute joints iff 0=2c . This position does not vary to time. If the axis of the 
prismatic joint is not parallel to the axes of the revolute joints then always 22
~= uu , when 
ξω ncmc 21= + . 
b 1 ) For RRT: if 3= mω  then ),0(= 221 muuYc ×ω , 0=2m⋅ω  for every )(u . If 3m≠ω  
then there is the position ( 22
~= uu ) so that the axis 3o  turning around the axis 2o  gets 
into the position complanar with the space ),( 2mspan ω ; i.e., 2213 = mccm +ω . Then 
),0)((= 232231221 muucuucuuYc ×++ ω . 
b 2 ) For RTR: if 2= mω  then ),0(= 331 muuYc ×ω , 0=3m⋅ω  for every )(u . If 2m≠ω  
then there is the position ( 22
~= uu ) so that the normal 3m  of the plane ξ  is complanar 
with the space ),( 2mspan ω ; i.e., 2213 = mccm +ω . Then 
),0)((= 23231221 muuuucuuYc ×−+ ω . 
b 3 ) For TRR: if ω=1m  then ))(,0(= 2332 mmuuYc −×ω , for every )(u . If ω≠1m  then 
there is the position ( 22
~= uu ) so that the normal 23 mm −  of the plane ξ  is complanar 
with the space ),( 1mspan ω ; i.e., 12123 = mccmm +− ω . Then 
),0)((= 13223121 muucuuuuYc ×−+ ω . We know, see  Proposition 2, that in the case when 
2τω ∈  the motion is asymptotic iff 0=cY . We get 
Proposition 9. Let 
3A
ϒ  be a robot of spherical rank 1 with two revolute joints and let the axis 
of the prismatic joint is complanar with the space ),( ξω nspan  at 0t  i.e ξω nccm 21= + . Then 
we have: 
a) The zero Coriolis acceleration is a necessary condition for a motion to be asymptotic at 0t . 
b) A motion of the robot 
3A
ϒ  is nontrivial asymptotic at the point )( 0tu  iff in the cases of 
RRT, RTR, TRR the equalities 0=)( 32231221 uucuucuu  ++ , 0=)( 3231221 uuuucuu  −+ , 
0=)( 3223121 uucuuuu  −+  are valid at 0t , respectively. 
c) A motion of the robot 
3A
ϒ , whose all axes are parallel to each other 0)=( 2c , is nontrivial 
asymptotic iff the prismatic joint and only one revolute joint work.  
(3) Let 2=dimCA  and )(3 uA  be not a subalgebra. Then KuACA =)(3∩  is the Klein 
subspace, )ˆ(= YspanK , τ∈Yˆ  and the direction of Yˆ  is perpendicular to ω . A motion is 
asymptotic at the point )(u , iff YYYuuYYuuYYuu ˆ=],[],[],[ 323231312121 λ ++ , R∈λ . We get 
b
1
) for RRT: ],[=],[ 3132 YYYY  and ],[ 21 YY , ],[ 31 YY  are the basis elements of the space 
CA  and ],[],[=ˆ 313212 YYkYYkY + , Rkk ∈32 , . Then the motion is asymptotic iff ( )],[],[=],)[(],[ 3132123132312121 YYkYYkYYuuuuYYuu +++ λ  and this occurs if and only if 
221 = kuu λ , 3321 =)( kuuu λ + . 
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b
2
) for RTR: ],[=],[ 2132 YYYY −  and ],[ 21 YY , ],[ 31 YY  are the basis elements of the space 
CA  and ],[],[=ˆ 313212 YYkYYkY + , Rkk ∈32 , . Then the motion is asymptotic iff ( )],[],[=],[],)[( 3132123131213221 YYkYYkYYuuYYuuuu ++− λ  and this occurs if and only if 
2312 =)( kuuu λ − , 331 = kuu λ . 
b
3
) for TRR: ],[=],[ 2131 YYYY  and ],[ 21 YY , ],[ 32 YY  are the basis elements of the space 
CA  and ],[],[=ˆ 323312 YYkYYkY + , Rkk ∈32 , . Then the motion is asymptotic iff ( )],[],[=],[],)[( 3233123232213121 YYkYYkYYuuYYuuuu +++ λ  and this occurs if and only if 
2321 =)( kuuu λ + , 332 = kuu λ .  
 So we have 
Proposition 10. Let 
3A
ϒ  be a robot of spherical rank 1 with two revolute joints and let the 
axis of the prismatic joint be not complanar with the space ),( ξω nspan  at 0t  i.e 
ξω nccm 21 +≠ . Then a motion is asymptotic at 0t  iff the joint velocities at 0t  satisfy 
221 = kuu λ , 3321 =)( kuuu λ +  for RRT, 2312 =)( kuuu λ − , 331 = kuu λ  for RTR and for TRR: 
2321 =)( kuuu λ + , 332 = kuu λ , where R∈λ  and 32 ,kk  are the coefficients of the linear 
combination of ))()(,0(=ˆ 3223 bbbbY ⋅−⋅ ωω  in the canonical basis of the Coriolis space CA . 
If these relations are true for any admissible t  then the motion is asymptotic. 
In this case there are nontrivial asymptotic motions with nonzero Coriolis acceleration. 
3.3 Robots with 3 revolute joints 
These robots have the axes of the joints parallel and different from each other (the robots are 
planar). The elements iY  satisfy )0,(=1 ωY , ),(= 22 mY ω , ),(= 33 mY ω , 0=2m⋅ω , 
0=3m⋅ω , 023 ≠≠ mm . Let us denote planes ),(= 212 ooξ  and ),(= 313 ooξ . Then 2m  is the 
normal vector to the plane 2ξ  and 3m  is the normal vector to the plane 3ξ . For the elements 
iB  we have 11 = YB , )=,0(== 22122 mbYYB − , )=,0(== 33132 mbYYB − . Because 
),(= 322 mmspanτ , 0=2τω ⋅  and ),0(=],[ 221 mYY ×ω , ),0(=],[ 331 mYY ×ω , 
),0(=],[ 2321 mmYY ×−× ωω  we conclude that )(3 uA  is a subalgebra in a regular position. If 
the plane 3ξ  turning around the axis 2o  coincides with the plane 2ξ  then the robot is in a 
singular position at 0t ; i.e., Rcmcm ∈,= 23 . In regular positions we have 2=dimCA  and all 
motions are asymptotic while 1=dimCA  in singular positions and the Coriolis acceleration 
satisfies: ),0)((= 2321 mucuuYC ×+ ω . 
Proposition 11. Let RRR be a robot the revolute joint axes of which are parallel. Then its 
position )( 0tu  is singular if all axes of the joints lie in a plane. )(3 uA  is a subalgebra in the 
regular position and )(= 3 uAK . )(3 uA  is not a subalgebra in the singular position. A motion 
through the singular position 202 ˆ=)( utu  is asymptotic at 202 ˆ=)( utu   
a) if 1 st joint does not work or  
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b) the ratio of the joint velocities of the 2 nd and 3 rd joints at 0t  is c−  . 
A singular motion )ˆ=)(( 22 utu  can be only trivial asymptotic. 
Let us present a survey of all nontrivial asymptotic motion of the robots of spherical rank 
one. 
1. The robots with one revolute joint (RTT, TRT, TTR). 
a) Let the directions of the joint axes be dependent (i.e., 3322= bcbc +ω ) and 032 ≠cc  in 
the cases RTT, TTR. Then a robot motion is nontrivial asymptotic iff all joints work and 
the ratio of the joint velocities of the prismatic joints is 32 : cc .  
b) Let the axis of the revolute joint be paralel to one axis of the prismatic joint (i.e., 
0=32cc ). Then a robot motion is nontrivial asymptotic iff the revolute joint and only 
the prismatic joint whose axis is parallel to the revolute joint axis work.  
c) Let the directions of the joint axes be independent (i.e., 3322 bcbc +≠ω ). Then a robot 
motion is nontrivial asymptotic iff the joint velocities satisfy for any admissible t : 
λ221 = kuu  , λ331 = kuu   for RTT, λ221 = kuu  , λ332 = kuu   for TRT, λ231 = kuu  , λ332 = kuu   
for TTR, where 32 ,kk  are the coefficients of the linear combination of the Klein direction 
in the canonical basis of the Coriolis space. 
2. The robots with two revolute joints (RRT, RTR, TRR).  
a) Let the joint axes be parallel. Then a robot motion is nontrivial asymptotic iff one 
revolute joint does not work.  
b) Let the axis of the prismatic joint be not complanar with the space ),( ξω nspan . Then 
a robot motion is nontrivial asymptotic iff for the joint velocities and any admissible t  
we have: 221 = kuu λ , 3321 =)( kuuu λ +  for RRT, 2312 =)( kuuu λ − , 331 = kuu λ  for RTR and 
2321 =)( kuuu λ + , 332 = kuu λ  for TRR, where 32 ,kk  are coefficients of the linear 
combination of ))()(,0(=ˆ 3223 bbbbY ⋅−⋅ ωω  in the canonical basis of the Coriolis space.   
3. The robots with three revolute joints (RRR).  
In this case, there are only trivial asymptotic motions. 
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